ABSTRACT

POWELL, BRIAN PAUL. An Advanced Algorithm for Construction of Integral Transport
Matrix Method Operators Using Accumulation of Single Cell Coupling Factors. (Under the
direction of Yousry Y. Azmy.)

The Integral Transport Matrix Method (ITMM) has been shown to be an effective method
for solving the neutron transport equation in large domains on massively parallel architectures.
In the limit of very large number of processors, the speed of the algorithm, and its suitability for
unstructured meshes, i.e. other than an ordered Cartesian grid, is limited by the construction
of four matrix operators required for obtaining the solution in each sub-domain. The existing
algorithm used for construction of these matrix operators, termed the differential mesh sweep,
is computationally expensive and was developed for a structured grid. This work proposes the
use of a new algorithm for construction of these operators based on the construction of a single,
fundamental matrix representing the transport of a particle along every possible path through-
out the sub-domain mesh. Each of the operators is constructed by multiplying an element of
this fundamental matrix by two factors dependent only upon the operator being constructed
and on properties of the emitting and incident cells. The ITMM matrix operator construction
time for the new algorithm is demonstrated to be shorter than the existing algorithm in all
tested cases with both isotropic and anisotropic scattering considered. While also being a more
efficient algorithm on a structured Cartesian grid, the new algorithm is promising in its geo-
metric robustness and potential for being applied to an unstructured mesh, with the ultimate

goal of application to an unstructured tetrahedral mesh on a massively parallel architecture.
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Chapter 1

Introduction

The neutron transport equation governs neutron movement through a medium over time at

various energies and directions. The neutron transport equation is [1]

1 . - . . .
fﬁ (7, QB )+ Q- yu(r,Q, B t) + o(F, E)Y(T,Q, E, t) = 04(7, E)o(7, E, t) + q(7, 2, E, t)

(1.1)
where v is the neutron speed, (7, Q, E.t) is the neutron angular flux at position 7, direction
of travel ) | energy E, and time t, o(7, F) is the total neutron cross section at position 7 and
energy E, o4(7, E) is the neutron scattering cross section at position 7 and energy E, ¢(7, E, t)
is the neutron scalar flux at position 7, energy F, and time ¢, and q(F,Q,E,t) is the fixed

neutron source at position 7, direction of travel {2 energy F/, and time t.

For the purposes of this work, the neutron transport equation is considered to be time-independent.

The removal of the time variable results in the form of the transport equation considered here,

Q- U7, Q, E) + o7, EY)(F,Q, E) = 04(F, B)$(7, E) + q(7,Q, E) . (1.2)

This form of the transport equation must be discretized in space, angle, and energy to allow for
a numerical solution. The Integral Transport Matrix Method (ITMM) for solving the neutron
transport equation, which is the method examined in detail in this work, makes use of each of

these discretizations.

In the field of computational neutron transport theory, advanced methods for solving the neu-
tron transport equation are needed for solving larger problems on a greater number of proces-
sors. Solution algorithms suitable for massively parallel architectures must continue to achieve
speedup as the number of processors is increased. One such method that has shown promise in
this area is the ITMM.

This work focuses on the basic premise of the ITMM, which is the construction of four matrix
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operators used iteratively in two equations to converge to the solution of the neutron trans-
port equation. This work is motivated by the desire to implement the ITMM on geometries for
complicated engineering using unstructured grids. The rise of unstructured tetrahedral mesh
transport methods and codes as a means to a more accurate representation of geometric con-
figurations typical of radiation transport problems requires adaptations of the ITMM for the

application of this method to such a mesh.

A complete algorithm for the construction of the four matrix operators on a Cartesian grid has
already been developed. This algorithm, although effective for constructing the matrix opera-
tors on a Cartesian grid, is computationally expensive and requires orderly mesh structure to
perform well. As such, the need for a method of constructing the ITMM matrix operators that

is both more computationally efficient and geometrically robust is evident.

The method presented in this work, although confined to three-dimensional Cartesian meshes
at this stage, is promising in that it has demonstrated significantly faster matrix operator
construction times and has the potential to be applied with relative ease to an unstructured
tetrahedral mesh. This algorithm derives its efficiency from the fact that all transport of par-
ticles through a mesh, whether originating from a distributed source or an incoming angular
flux, follows the same paths from the emergent face of a cell to the incident face of a cell. This
principle allows for the creation of a fundamental matrix for face-to-face transport, off of which
each of the matrix operators required for the ITMM can be constructed. It will therefore be
termed the Fundamental Matrix Method (FMM).

In the following chapter, relevant literature will be reviewed. This will be followed by a deriva-
tion of the ITMM. The FMM will then be derived, along with a complete example of the
construction of the four ITMM operators for a 3 x 3 cell system in two dimensions. A per-
formance model for the FMM algorithm will then be described, followed by a comparison of
matrix operator construction time results for several different scenarios for both the existing
algorithm and the FMM. This will be followed by a comparison of the FMM timing results to
the algorithm performance model. Finally, conclusions will be presented along with thoughts

on future work to be completed through the use of the FMM algorithm.
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Chapter 2
Review of Literature

The Integral Transport Matrix Method (ITMM) of solving the neutron transport equation on
multiprocessing platforms is a spatial domain decomposition method and is therefore ideally ap-
plied to a large domain in a massively parallel computational environment. Given that this work
focuses on the construction of the matrix operators needed for the ITMM and not computation
of the solution, either in serial or parallel, the review of literature will focus on the development
of the use of matrix operators in solving the neutron transport equation. The ITMM makes
use of angular, spatial, and energy discretization, so a brief review of these methods will be

examined as well.

2.1 Discretization of the Transport Equation

Energy discretization methods, generally referred to as multigroup methods, allow for solv-
ing the transport equation for neutrons in a specific energy range. This is accomplished by

integrating equation 1.2 over all energies, resulting in [1]

Q- 61#9(7_"7 Q) + 04 (7)q(T, Q) = 05,9(7)Pg(7) + qq(7, Q) ) (2.1)

where the subscript ¢ indicates a specific energy group. Lewis and Miller discuss multigroup
methods in detail [1]. Here, it is sufficient to note that the methods derived in this work solve

the transport equation for a single energy group, hence the subscript g will be suppressed.
Angular discretization, as accomplished by the method of discrete ordinates, is a key component
of this work. Discretizing equation 2.1 by angle yields [1]

—\

0 0 0
(Mn% + 77n67y + fna)lbn(?#) + 0'(7?)1/171(7")
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where p is the angular cosine in the x-direction, 7 is the angular cosine in the y-direction, £ is
the angular cosine in the z-direction, and the subscript n indicates a discrete angle. The discrete
ordinates method has been used in production-level radiation transport codes since the 1960s,
with much of the early development done by Carlson and Lathrop [2]. Significant advances in
discrete ordinates methodology since that time have been described by Larsen and Morel [3].
Lewis and Miller [1] provide a thorough description of a discrete ordinates solution algorithm
in one, two, and three dimensions using the diamond difference spatial differencing method. By
solving the transport equation for the angular flux at several individual angles in quadrature
discrete ordinates allows for an accurate approximation to the solution of the transport equa-
tion. However, discrete ordinates algorithms generally require a repetitive and computationally
expensive mesh sweep in order to converge to the solution. In the ITMM formulation, however,
only a single mesh sweep was required in single sub-domain, with convergence achieved by it-

erating on the incoming angular flux to each sub-domain [4].

Spatial discretization, also known as spatial differencing, allows for solving the transport equa-
tion in a finite domain by separating that domain into multiple nodes, or cells, in each of which
the flux solution can be found and related to neighboring cells. Considering equation 2.2, spatial
central differencing of the partial derivatives comprising the streaming operator yields [1]

12 Ui
FZ:- (Unjiv1/2,5k = Pnjie1/2,,k) T+ F; (Ynijr1/2.k = Unjij—1/2,6)+
7 J

&n
Aor (Vnijht1/2 = Yniigk—1/2) + TijkPnijk = OsijkPijk + Gk - (2.3)

Where i, j,k are the indices of the given cell in the x—,y—, 2— direction, respectively. The
subscript i —1/2, 7, k indicates the left x-face of cell , j, k and the subscript i+1/2, j, k indicates

the right x-face of cell 7, j, k, with analogous meanings in the y and z directions.

Larsen and Morel [3] describe in detail three methods of spatial discretization used in solving
the transport equation: The characteristic method, the linear discontinuous method, and nodal
methods. Any one of these methods form what is called the auxiliary equation, which relates
the incoming and outgoing angular flux in a cell to the angular flux at the cell center. In the
ITMM formulation used in this work, the diamond difference equation is the auxiliary equation
of choice. The diamond difference method is the approximation of the angular flux at the cell

center by
1
Ynjijk = §(¢n,i+1/2,j,k + Vniz1/2,5k) (2.4)

and analogously for the y and z directions. Lewis and Miller [1] describe the diamond difference

method in detail, and its application to this work is described in the next chapter.
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2.2 Parallel Domain Decomposition of the Transport Equation

The benefits of the ITMM are realized only on multiprocessing platforms. The method is not
competitive in serial mode but is highly competitive in parallel [4] and therefore the application
of parallel domain decomposition must be discussed. Domain decomposition can accomplished
through three distinct means: Energy domain decomposition, angular domain decomposition,
and (as in the ITMM formulation) spatial domain decomposition. A hybrid decomposition
combining any of these three methods is also possible. Developments in parallel domain de-
composition are also much more recent than discretization methods due to the availability of

parallel computing resources that became widespread starting in the 1980s.

Energy domain decomposition involves solving the transport equation in a sub-domain for
different energy groups, each on a separate processor. The obvious advantage of domain de-
composition by energy is the ability to rapidly solve transport problems involving a large span
of energies. As such, energy domain decomposition is particularly applicable to nuclear reactor
core simulation, where neutrons are constantly changing energy through collisions and neutrons
at varying energies have important properties (e.g. thermal neutrons causing fission). Much of
the early work in energy domain decomposition was completed by Weinke and Hiromoto [5,6,7].
Despite its applications, energy domain decomposition is the least used of domain decomposi-
tions due to the possibility that the energy groups could be solved out of order, increasing the

iterative cost of convergence with increasing number of participating processors[8,9].

Angular domain decomposition is based on the previously described discrete ordinates angular
discretization method, the main difference being that the transport equation can be solved for
each ordinate on a separate processor, assuming vacuum boundary conditions on all external
faces of the problem domain. The resulting angular fluxes are then summed in quadrature on
the base processor or in parallel to achieve a solution for the scalar flux, or, if desired, angular
moments of the flux. While advantageous in that, in Cartesian geometry, the ordinates do not
need to be solved in any particular order, the disadvantage of angular domain decomposition is
that the decomposition is limited to the number of ordinates, which generally will not exceed
several hundred, to a few thousand at the very most. Therefore, this limitation does not allow
for massively parallel implementations of angular domain decomposition schemes. Another dis-
advantage of angular domain decomposition is that the full spatial domain must be replicated
on all processors (e.g. large flux arrays), which requires significant memory storage. Fischer and
Azmy [8] detailed a performance model for both angular and spatial domain decomposition
methods in order to determine which method was better applied to a given problem. They
concluded that, for a small computational cluster, it is more efficient to discretize by angle and
that the opposite is true as the number of processors is increased. Azmy [9] also described the

development of angular domain decomposition methods in detail.
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Spatial domain decomposition is the domain decomposition method used by the ITMM. By
separating a domain into multiple smaller sub-domains, each solved on a separate processor,
the transport equation can be solved faster. A disadvantage of spatial domain decomposition is
the necessity of a sub-domain to have the solution to the outgoing angular flux in neighboring
domains. Any disadvantage that this causes, however, is outweighed by the ability to decompose
the domain into a large number of smaller sub-domains to match the number of available pro-
cessors, assuming (as typical for large applications worthy of massively parallel solution) that
the spatial discretization yields significantly more computational cells than available processors

for execution.

Early work in spatial domain decomposition was completed by Yavuz and Larsen [10], who first
attempted a spatial domain decomposition algorithm on one-dimensional and two-dimensional
domains. Yavuz and Larsen [11] also developed the Alternating Direction Transport Sweep
(ADTS), which allowed for adjacent sub-domains to receive updated values for the incoming
angular flux. Although their method was able to achieve parallel speedup, it was not designed
for massively parallel architectures and is therefore not competitive with the ITMM. A detailed
account of the development of early spatial domain decomposition methods is provided by Azmy
[9].

It is important to emphasize one spatial domain decomposition method: The KBA (Koch,
Baker, Alcouffe) algorithm [12,13], also known as the wavefront algorithm, is a method of spa-
tial domain decomposition that is used by the current state-of-the-art neutron transport codes
[4]. The KBA algorithm involves the conduct of a sequential mesh sweep on a diagonal wave-
front through the given domain, where the transport equation is solved on a single processor
for each sub-domain and the outgoing angular fluxes are used as incoming angular fluxes in
the adjacent sub-domain. It has been shown [13] that the KBA algorithm is effective on mas-
sively parallel architectures. The shortcoming of the KBA algorithm, however, is that, due to
the sequential nature of the parallel mesh sweep, some processors must remain dormant. The
ITMM solution algorithm works simultaneously across the entire domain, minimizing unused
processors and therefore is competitive with KBA as a massively parallel spatial domain decom-
position method [4]. An important difference to note between the KBA and ITMM algorithms
is that KBA is synchronous and ITMM is asynchronous, resulting in the disadvantage of KBA,

processor idleness, being essentially traded for increasing iterations in the ITMM.

2.3 Response Matrix Methods

The ITMM, at its foundation, has close similarity to response matrix methods in that it makes

use of four distinct matrix operators (described in the next chapter) which are multiplied by
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a known quantity (e.g., incoming angular flux at the boundaries) and provide a response (e.g.,
outgoing flux at the boundaries). Each ITMM matrix operator is then essentially a response

matrix.

Response matrix methods (RMM) have been developed for use in solving the transport equation,
but with widely varied techniques [1]. A thorough review and derivation of the RMM in addition
to applications in nuclear engineering for both transport theory and the diffusion approximation
were provided by Lindahl and Weiss in 1981 [14]. Lindahl and Weiss asserted that the RMM
provides the solution of a transport problem on a large domain by consolidating solutions
of smaller sub-domains. They also state that the advantageous characteristic of the RMM is
the ability to consider each sub-domain as a separate problem. This general introduction to the
RMM is remarkably similar to the basis of the ITMM, which breaks a larger domain into smaller
sub-domains on a multiprocessing platform, allowing for the consideration of each sub-domain
as a separate problem, where the global solution is obtained by iterating on the angular flux at
the boundaries of the sub-domains. Lindahl and Weiss consider each sub-domain, or node, as
they identify it, to be characterized by a response kernel which is, in essence, a probability of
particle interaction inside the node. The response kernel is then more concretely identified as
a response matrix which, when multiplied by an incoming angular flux, produces an outgoing
angular flux. The definition of the response matrix is also expanded to include the response of a
sub-domain over several nodes rather than just a single node. Lindahl and Weiss go on to define
four distinct response matrices which relate in the incoming current, outgoing current, scalar
flux, and fixed source in the sub-domain. These matrices are used in two equations iterating on

the incoming current to provide a global solution to the transport equation.

The RMM of Lindahl and Weiss bears significant similarity to the ITMM. Both methods,
generally, make use of multiple cell, or node, sub-domains and the four response matrices using
the iterative solution method described in the previous paragraph. The differences lie in the
specifics of the method. The RMM uses particle currents, whereas the ITMM is able to make
use of angular flux via the discrete ordinates method and spatial differencing. The response
matrices are also constructed in a very different manner. Lindahl and Weiss use block matrices
defining the response of each node individually to construct the larger response matrix. This
construction method leads to computational storage inefficiency by requiring the storage of more
zeros than meaningful data. Contrasting this approach, the ITMM requires the construction
of differential matrix operators and, through the use of discrete ordinates, allows for operator

elements to be grouped efficiently and avoids unnecessary storage.

Although response matrix methods exist for several techniques including Monte Carlo, collision
probabilities, and finite elements [1], it is the use of discrete ordinates that is the basis for the

ITMM. A discrete ordinates formulation of the response matrix method was developed in 1992
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by Hanebutte and Lewis [15], who proposed using a response matrix algorithm to iteratively
solve the transport equation. The same two-equation iteration technique used by Lindahl and
Weiss [14] is used to iterate on the incoming angular flux. The main difference between the
two techniques is that Hanebutte and Lewis iterate on the incoming angular flux as opposed to
the incoming current used by Lindahl and Weiss. The discrete ordinates method allows for this
difference. The method of Hanebutte and Lewis was also limited to the response of a single-
cell sub-domain and was therefore computationally expensive in an iterative sense. The ITMM

then, is an evolution of the work of both Hanebutte and Lewis and Lindahl and Weiss.

2.4 The Integral Transport Matrix Method

The response matrix algorithm of Hanebutte and Lewis [15] was not further developed until
1997 by Azmy [16], who first proposed a method for using full-domain operators, rather than
single cell operators, to allow for a solution to the transport equation without the need for
repetitive mesh sweeps that continue to dominate deterministic method solution algorithms.
Azmy also described the algorithm required to construct the matrix operator that relates the
scalar flux spatial moments in all cells to the fixed source spatial moments. This matrix operator

is identified as A in the equation
¢’ = A0’ + 9) , (2.5)

where ¢V is the scalar flux in the current iteration, ¢? is the scalar flux in the previous iteration,
0% is the scattering cross section operator (basically a diagonal matrix whose elements are the
cell by cell isotropic scattering cross section), and S is the fixed neutron source. Azmy identified
that A is essentially an iterative map of the scalar flux. The algorithm to construct A was based
on a mesh sweep using differential relations between the angular flux and scalar flux spatial
moments to create the matrix identified as the iteration Jacobian. An assumption critical to
the development of the ITMM made in this work is that the iterations defined in equation 2.5

are convergent yielding a converged scalar flux solution, ¢*°, giving
¢ = (I —0°A)"1AS . (2.6)

Through this assumption, previous and current iterates of the cell scalar flux converge to the
same value, eliminating a variable and allowing for a solution of the converged cell scalar flux
without iteration based on the matrix operator A and the fixed neutron source S. Azmy’s work
is the first thorough description of an algorithm required to create a matrix operator in the
ITMM, A. However, it is limited to the case of vacuum boundary conditions and also does not

consider outgoing angular flux from the sub-domain.
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Azmy continued to evolve the method in 1999 [17] by describing a matrix operator B such that
B=(I-0%A). (2.7)

Azmy provides a thorough description of the algorithm required to create B, including the
specific values of diagonal and off-diagonal elements of the matrix and also examines precondi-
tioning methods to allow for faster convergence. Although he further developed the algorithm
for matrix operator B in this work, he continued to use only vacuum boundary conditions in
his calculations. Rosa, Azmy, and Morel expanded this work in 2009 [18], examining spectral
properties of A and B and further developing the algorithm for the construction of these op-
erators on configurations with vacuum boundary conditions. Rosa et al. identified B as the

integral transport matrix.

Zerr provided major developments in the ITMM in 2011 [4] by expanding the method to in-
clude non-vacuum incoming and outgoing angular flux at the boundaries of the sub-domain. In
doing so, he created four matrix operators Jg, Jy, K¢, and Ky, with Jg related to Azmy’s
previously defined operator as

Jy = AC (2.8)

where C' is the scattering-ratio matrix (a diagonal matrix whose elements are the cell by cell
scattering ratios). The use of each of these operators will be described in the following chapter.
Most importantly to this work, Zerr describes the construction algorithm, the Differential Mesh
Sweep (DMS), used to create each of the four matrix operators of the ITMM that are necessary
to account for non-trivial incoming angular flux. Zerr also developed a code for parallel imple-
mentation of this algorithm in constructing the operators and iteratively solving the transport
equation across sub-domains. The DMS matrix operator construction algorithm is the moti-
vation of this work in that it is desirable, based on the parallel performance demonstrated by
Zerr, for the ITMM to be applied to other geometries. A more geometrically robust and less
computationally expensive algorithm for the construction of the four matrix operators would

be ideal in this application.
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Chapter 3

The Integral Transport Matrix
Method

The starting point of the ITMM is the neutron balance equation for a single cell in three

dimensions, which, considering only isotropic scattering, is [1]

x ) . Y . z . .
Enaivjvkwnvl(?utv]’k + €n,i7j,k/l/]n717]0ui’k + En,i,j,kwn,z,],kout + /(/]nﬂ:]:k

— -1 x Yy z
= CiyjkPijhe T O i1 biik + EnijkVniingik + Eni ik Vniginde T Eni gk Uniigiin  (3.1)

where,
x _ |t

AN 3.2
nv’L?]?k O‘t727‘j7k,‘A'rZ yz ( )

AFyz stands for “analogously for y and z”, and, by the discrete ordinates approximation with
quadrature weights wy,, the scalar flux (¢) is related to the angular fluxes (1) by the quadrature

sum

D
bijk = Z Wi j ks (3.3)
n=1

where D is the total number of angles. In the above equations, u, is the angular cosine with
respect to the z-axis of the direction of particle travel along the n'" discrete ordinate. Otijk 18
the macroscopic total interaction cross section of the material in cell 4, j, k. Ax; is the width of

S,%,5,k

the cell in the = direction. ¢; j  is the scattering ratio, Zt —
IXZVE

Os,ij,k 18 the macroscopic scattering cross section in the same cell. g; ; 1 is the distributed source

of the material in cell 4, j, k , where
in cell 4, j, k. ¥4,k 15 the angular flux along the n discrete ordinate leaving cell 7, 7, k out of
the x = constant face, with analogous definitions for angular flux leaving at the y = constant

and z = constant faces. 1y ;, ;i is the angular flux traveling along the n'® discrete ordinate

entering cell 4, j, k in the x = constant face, with analogous definitions for angular flux entering

10
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at the y = constant and z = constant faces. Finally, 1, ; ;1 is the cell-centered angular flux in

cell 4, j, k of neutrons traveling along the n'® discrete ordinate.

The diamond difference relation in all three dimensions is used to establish a closed matrix

system of equations for the unknown fluxes on the left hand side of equation 3.1 [1],

1
wn,i,j,k = §(wnylzn»]»k + wnyioutvjvk)7 AFyZ7 (3'4)
resulting in
Loeriin 5Z,¢,j,k Enijik Uniijik
1 —05 0 0 Vnijkou | _
]_ 0 _05 0 /l/)’n,i,jout:k
1 0 0 _05 Qpn,ioutajvk
Yy P —1
Loeliik Enigk Snmigk| |CikPijr T Orijndigk
0 0.5 0 0
wn,Z,J,km (35)
0 0 0.5 0 Vni,jin k
0 0 0 0.5 Uniin. gk

Left multiplying both sides of equation 3.5 by the inverted coefficient matrix from the left
hand side yields

—1
Ui gk Cij k@ j i T i g ki
wnazﬁykout _ Fn djﬂﬂa]akin (36)
Vnijout Vni,jin b
¢n7i0ut:jzk Ql}n’iinaj’k
where
Jo Koz koy o Koa
j k k k
Fn _ T,z P,z—z Py—z P,x—z (37)

Jvy  Fezmy Kypyoy Kyaooy

jw,:c kd),z—)x kz/),y—m kw,x—m
The T' matrix is then a set of coupling factors (named here according to their function,
which will be clarified later) between the distributed (fixed and scattering) source, incoming
angular fluxes, and outgoing angular fluxes. Alternative spatial discretization methods corre-

spond to different auxiliary relations, equation 3.4, that yield the same relation, equation 3.5,

with different I',, elements.
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All of the previous equations provide the relationships between the incoming and outgoing
angular flux and the scalar flux for only a single cell. When considering a multi-cell sub-domain,

the relationship between the cells is simply an extension of

Vnitlingk = Unious,jk AFYZ (3.8)

Using this relation to extend equation 3.6 to a global system with vacuum boundary condi-
tions, the single cell values of ¢ and g need to be extended to the vectors ¢ and g containing
the values of the scalar flux and fixed source, respectively, in each cell. In a source iteration
scheme with ¢@P as the previous iterate of the scalar flux and ¢¥ as the current iterate of the

scalar flux using equations 3.6 and 3.3, the system reduces to [4]

¢" = A(C¢P + 3, 'q) (3.9)

where C is the scattering ratio diagonal matrix and 3, 1 is the inverse total cross section
diagonal matrix. A is then a coefficient matrix constructed from elements of I" which relates the
previous scalar flux iterate to the new scalar flux iterate. Azmy [16] defines A as an iterative map
of the scalar flux. Partially differentiating equation 3.9 with respect to ¢P yields the iteration

Jacobian Matrix,

a¢Y
apP

AC (3.10)

AC was denoted by Zerr [4] as Jg.

To factor Jy instead of A from equation 3.9, the second term needs to be altered to

¢° = A(CHP + =;'2,371q) (3.11)
Substituting
c=x;'%, (3.12)
yields
9" = AC(¢? + £ 'q) (3.13)

Then, substituting Jg for AC,
¢" = Jp(¢” + 2 1q) (3.14)

The converged scalar flux solution will occur when

12
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¢ = ¢ = ¢ (3.15)

Substituting this relation into equation 3.14 yields

¢ = (I —Jp) ' JpX g (3.16)

Removing the constraints of vacuum boundary conditions, as is necessary to apply the
ITMM to a generic sub-domain, requires that the effect of the incoming angular flux on the
scalar flux within each cell of the sub-domain be accounted for. To that end, another term is
added to equation 3.14, yielding [4]

¢Y = Jp(¢P + 271q) + Kpthin (3.17)

where 1);y, is a vector containing all incoming angular fluxes to the sub-domain and Ky is
a matrix operator constructed from the elements of I' which defines the effect of the incoming
angular flux on the scalar flux in each cell of the sub-domain. The dimension of t;, is then
the number of faces comprising the exterior of the sub-domain multiplied by the number of
incoming ordinates to each surface. Ky has the same number of columns as the dimension of
Yin and the number of rows is equal to the number of cells in the sub-domain. The construction

of Ky will be described in the next section.

By the same logic that achieved equation 3.16, the converged scalar flux solution with
incoming angular flux at the boundaries is then [4]

¢ = (I — Jg) ' TS g+ (I — Jg) ' K32, (3.18)

where 2° is a vector containing all converged incoming angular fluxes to the sub-domain.

Both the effect of a fixed source (Jg) and of an incoming angular flux (Kg) on the scalar flux

in each cell in the sub-domain have now been accounted for. The next consideration, therefore,

is the calculation of the outgoing angular flux from a sub-domain consisting of two components:

Upon convergence, the outgoing angular flux satisfies [4],

¢g§t = J¢d)°° + Kip’(ﬁf;: (3.19)

where 1;,,” and ¢°° have been previously defined, Jy is a matrix operator constructed
from the elements of I' with dimensions that are the transpose of the previously defined matrix
operator, K¢, and Ky, is a square matrix operator (assuming the typical reflective symmetry of

discrete ordinates) constructed from the elements of I" with a dimension equal to the dimension
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of the vector ¥;,.
As the construction of each matrix operator can become intractable, it is useful to summa-

rize their definitions, shown in Table 3.1, below.

Table 3.1: Matrix Operator Definitions

Matrix Operator Definition
H |

Jy The effect of the cell averaged distributed source in each cell

on the cell averaged uncollided scalar flux in all cells

Jy The effect of the cell averaged distributed source in each cell

on the outgoing angular flux on all external faces

K, The effect of the incoming angular flux on each external face

on the cell averaged uncollided scalar flux in all cells

Ky The effect of the incoming angular flux on each external face

on the outgoing angular flux on all external faces

3.1 Consideration of Anisotropic Scattering

Consideration of anisotropic scattering in equations 3.18 and 3.19 does not alter the equations.
It does, however, significantly alter the contents of the vector ¢, and therefore the contents
of the matrix operators K¢, Jy, and Jg. A lengthy derivation by Zerr [4], avoided here for

brevity, provides that the scattering source is given by:
L l
Gs =D 3 Ta(2 = 0m0) Vi (" + Y5 (Q)5]"] (3.20)
=0 m=0

In the case of isotropic scattering (i.e. L = 0), it can be seen that the scattering source reduces

to
qs = 05,000 (3.21)

as expected. The formation of the anisotropic scattering source, however, requires significant
alterations to the matrix equation 3.6.

Considering equation 3.20, equation 3.6 becomes [4]
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oue  [€l/Az nl/Ay;  |pl/Az

1 -0.5 0 0

1 0 —0.5 0

1 0 0 —0.5

Yoo Yo 2Y9 2Yy 2YF,
0 0 0 0 o 0
0 0 0 0o - 0
0 0 0 0 o 0

Yni gk
Vnijkou | _
Vi jous
Uniout,jk
&/ Az nl/Ay;  |pl/Az;
0.5 0 0
0 0.5 0
0 0 0.5

050908 + 4o
os19) + ¢S
o1 + 45
o511 + 47y
(3.22)
ostIf +dfy,
Ui g kin

wn»iajiTL’k

,()Dn,iin 7j7k

Inverting the left hand side coefficient matrix and left multiplying both both sides by it yields

a new formulation for the matrix, I', thus generalizing the I' matrix to ['gp;s

Uni gk
Ui g kout
Uni jout k
Uit .ok

0'30908 + QSO
o519 + qf
oaet +af
0'3119% + qfl
= Fanis :
ostI7 + i,
¢n,i,j,k:m
Unjijinok

wnviinuj»k

(3.23)

The Typis matrix has dimensions 4 x ((L+1)2+3) and is a set of coupling factors between each

angular moment of the scattering plus fixed source, incoming fluxes to the cell, and outgoing face

angular fluxes. The effect of including anisotropic scattering on the dimensions of each matrix

operator and, ultimately, the effect on construction algorithm performance will be examined in

chapter 4.

The DMS algorithm for the construction of the four matrix operators, Jg, Jy, K¢, and , Ky

was developed by Azmy [16,17] and Zerr [4]. The algorithm developed in this work is intended

to improve upon the DMS by accomplishing two goals: Be more geometrically robust and less
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computationally expensive. In consideration of these goals, this algorithm was developed on
the foundation of the matrix equation 3.6 and 3.23 for isotropic and anisotropic scattering,

respectively.

3.2 The Differential Mesh Sweep (DMS) Algorithm

As mentioned earlier in this chapter, the DMS algorithm is the existing method of constructing
the ITMM matrix operators. For the purpose of comparison to the new algorithm developed
here, a summary of the DMS algorithm for the isotropic scattering case is described in this
section. A much more detailed explanation of the algorithm is provided by Zerr [4]. Zerr’s
description of the algorithm will be used, including naming conventions. As such, it is important
to note Zerr’s naming convention of the I' matrix from equation 3.6 compared to the naming

convention used in this work from equation 3.7,

aa axy axz ayz

Jo ksz Koy Koo Yy gl gl
T — jd),z kw,z—m k/’lb,y—m k¢,x—>z _ Tz ,yzy:cy ,yxyacz ,yccyyz (3 24)
" Ty Kzoy Koyoy Kpaosy S G D Sl Sl B

jd),x kw,z—m kw,y—m k¢,x—>;v ’sza ,yyza:y ,yyzxz ,yyzyz

2 0

where the superscripts are indicative of the relation between the element, the vector to which
it is contributing, and the vector which it is multiplying. For the remainder of this section, this
naming convention for the elements of I" will be used, while the previous naming convention

will be resumed in the next chapter to the describe the new algorithm.

The beginning of the DMS algorithm is the partial differentiation of equation 3.6 in all cells

(1,7, k) with respect to the previous iterate of the scalar flux in each cell (¢, 5/, k') , resulting in

[4]

p
Mgk _ aa . 9Pijk Ty OMni j kin L arz OVni jin L v OVnisn ik (3.25)
a¢p —ijkcwkagbp Ynijk a¢p Vnijh a¢p Vnijk 8¢p :
i/,j/7k/ ’L'/,j/,k/ i/,j/,k/ ,[:/’]'/,k/ ,[:/’]'/,k/
and
4
OWnigurik _ vz 0 j n yzry Oni g kin n yewz OVnjijin k N yzyz OWn,isn ik (3.26)
8¢p ] _,ym'jk ijaqsl? ] ’ym'jk 8¢P ] ’ynijk 8¢p ) ’Ym'jk a¢P } '
Zlyjlykl 'Ll,]l7k/ Zl,]l,k/ ZI7J/7I€/ 2/7]/7k/

, AFyz. The elements calculated by equation 3.26 and AFyz are accumulated by the DMS
algorithm into three matrices as the mesh sweep through the sub-domain is occurring: X,

Y, and Z, respectively, such that the elements of these matrices for the adjacent cells to the
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starting cell of the sweep are [4]

a¢nviout ijk

Xt 1gk) (37 k) = : (3.27)
7 J 1,7 a(bf/ ik
OUn i jour
Yii gtk 3 0) = ﬁ ) (3.28)
7:/ jl k./
and o
M " .7kou
Z(i gk 1) (i g k) = % : (3.29)
i/7j,,k,
As the DMS continues, the elements of X, Y, and Z are updated as [4]
K15k @' k) = Tnigh 203003k T Tnigh Yg) @3 k) T Tnige X gk @ gty - (3:30)
Y1) 037 ) = Vnigh 203,005k + Vnigh Yig o) @'k + Vnigh X g gowy - (3:31)
and
Za+ 14003 k) = i 2630 30 T Y Y@dk) @5 k) T Vniih X Gae@ gk - (3:32)
Upon completion of the sweep, the terms of equation 3.25 are updated as
M_ Wz X 4Ty TN (333)
8¢P . - ’ynl_]k (4,5,k) (@5 k") T TnijkL (4,5,k) (5" k") /ynmk (i,4,k) (i .57 k') - .
7 7.7 K

The elements of X, Y, and Z are then used to update the ITMM matrix operator Jg using

the quadrature sum from equation 3.3

D Wik
Toi k) (@, k) = D Wn gt (3.34)
n:l aqb?/aj/’k/

The elements of the ITMM matrix operator Jy, are also calculated using the X, Y, and Z as,

for angular fluxes leaving the sub-domain in the x-direction,

Jw,n,(i,j,k)(i’,j’,k’) = X(i—’rl,j,k)(i’,j’,k’)a AFyZ. (335)

As stated in chapter 2, Zerr also developed the algorithm for construction of the ITMM matrix
operators necessary to operate on the incoming angular flux to the sub-domain. To this end,
he created nine additional matrices: XBCX, XBCY,XBCZ,YBCX,YBCY,YBCZ,
ZBCX,ZBCY ,and ZBCZ. These matrices hold values representing the effect of an entering

angular flux to the sub-domain in the constant face at the beginning of the matrix name (i.e.
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X, y, or z) on the angular flux leaving all cells in the sub-domain out of the constant face at the
end of the matrix name. Considering an angular flux entering the sub-domain in the x-direction
in the primary octant. The values of the appropriate matrices for the adjacent cells to the

incoming angular flux are [4]

XBOX(2,k)(150) = Vi) - (3.36)
XBOY(1,5410)(15k) = V(1 k) - (3.37)

and
XBCZ )15k = V(1 gk - (3.38)

Updated recursively as the sweep continues, these values become

XBCX(i11,j1)(1,5' ) = Vi gy X BCX i,k 1,570+
Vi im X BCY iy k) + X BCZG gy > (3-39)
XBCYi j41,0)(1,5%) = Vigmy X BOX im0+

Wiaiy XBOY g0 0 + Vg X BCL im0k » (3:40)

and

XBCZ jrr1)1,5 k) = Vi iy X BCX (i gy (1,500)
Vigm X BCY (g i) + Vigm X BCZG jyawy - (3:41)

Analogous relations exist for angular flux entering the sub-domain in the y and z directions.
The elements of these nine matrices are then used to create the remaining two I'TMM matrix

operators for an angular flux entering sub-domain in the x-direction in the manner [4]

K (ig k) (170 = Wn Vo510 X BOCX (15
WnY(og ) X BOY i iy 1,50 + Wn V(i X BCZ( gy gy (3:42)

and
K¢’n’(i7j7k)(1’j/’kl) = XBCX(Z’J’k)(l’J/’kl) (3.43)

with analogous relations for angular fluxes entering the sub-domain in the y and z directions.

With a summary of the DMS algorithm now provided, the next chapter will describe the new
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algorithm and highlight several differences between the two.
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Chapter 4

The Fundamental Matrix Method

Algorithm

As mentioned previously, the motivation to create a new I'TMM matrix operator construction

algorithm was driven by the desire for a less computationally expensive and more geometrically

robust algorithm. With these objectives in mind, consideration of a single cell system and

the associated coupling factors shown in the I' matrix was an ideal starting point due to its

simplicity.

Beginning with equation 3.6, partial derivatives are taken with respect to each incoming angular

flux component and the cell averaged scalar flux. First, partially differentiating equation 3.6

with respect to the cell averaged scalar flux:

0%y ;1
o

0% .k
o)

0% .k

7]

D
aqsm%k

B 8wn,i,]’,k 7]
n,i,5,Kkoyt
i Joyt

w”yioutvjyk

i .k Cigk

jwyzi,j,kcizjzk (41)

]¢7yi,j,kci7j7k

]w’zi,j,kci’jvk

Partially differentiating equation 3.6 with respect to the incoming angular flux in the x direction

yields

", Jout b

niout,J,k

dd)n,iin,j,k

On iy, gk

kfl%ﬂfi,j,k
k’ww—m,j,k
ki/’@—ﬂﬁ,j,k

kwyx_)xi,j,k

20

,AFyz. (4.2)

www.manaraa.com



To create a general framework for the response of the angular and scalar flux in one cell of a
domain due to the production and in-leakage at another cell, only the bottom three equations
of matrix equation 4.2 and the analogous equations in the y and z directions are used. As
such, only the mapping of the angular flux from incoming to outgoing faces is being considered.
These equations, however, also only consider a single cell system. To consider an entire domain,
these single cell operators need to be accumulated along every possible path of particles from
the starting to destination cells. This accumulation of values representing the response of the
angular flux on an incoming face of one cell of a domain to the angular flux on the outgoing face
of another cell is termed the fundamental transport matrix and denoted by F'. The elements of

F are represented by

P M
Fn(i7j7k)(il7j/7k/)7di7df = Z H kw,d1m7p~>d2m7p,n,m,p (4.3)

p=1m=1

where p is a possible path from cell ¢/, 7, k' to cell i, j,k and di and df are the incident and
emergent constant faces (x, y, or z) of the element of F. The total number of possible paths is
P, a value which depends on the geometry of the domain, and the total number of cells along
each respective path is M. The subscripts of ky, d1,,, and d2,,, are either z, y, or z depending
on which constant face the particle is incident on and emergent at, respectively, for cell m of
path p. For the first cell of path p, d11, = di, and for the last cell of path p, d2,/, = df.
Kol p—d2um pn,m,p 15 then the value of ky from face d1 to face d2 in cell m along path p for
the n't discrete ordinate.

Although the FMM algorithm has been completed in three dimensions, figures 4.1 through
4.4, below, show a two dimensional depiction, for visual clarity, of the particle transport repre-

sented by Fiui j) (i j).di.df

21

www.manaraa.com



Figure 4.1: Two Dimensional Representation of F,,(; j)(i j1),y,. for an Ordinate in the Primary
Octant

22

www.manharaa.com




for an Ordinate in the Primary

Figure 4.2: Two Dimensional Representation of Fj,; ),
Octant

J')sY,y
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Figure 4.3: Two Dimensional Representation of F,,(; jy(i j/) . for an Ordinate in the Primary
Octant
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Figure 4.4: Two Dimensional Representation of F,,(; j)(i j/),z, for an Ordinate in the Primary
Octant

It can be seen from a three dimensional extension of figures 4.1 through 4.4 how the element
Foijk)@ g/ k') dia can then be used to construct each of the four ITMM matrix operators in a
computationally efficient manner by avoiding repeat calculations since it represents the relation

of the outgoing angular flux at any face in a domain to the incoming flux at any other face.

For an angular flux emergent from the face of one cell and incident on the face of another
cell in a three dimensional system, there are nine distinct elements of F' resulting from three
possible emergent faces and three possible incident faces. To accumulate values into each ITMM
operator, the only remaining calculation (after the calculation of the appropriate element of F')
is to multiply F, j k)i k),didf Dy the respective values it is required to represent for the
emergent and incident cells. Recalling that the emergent cell is ¢/, ',k and the incident cell
is 4, J, k, the respective operators require multiplication of F,; j 1)(i,j7,k"),di,ar Py the single cell

operators in the manner shown in Table 4.1.
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Table 4.1: Emergent and Incident Multipliers of F,; j 1) j,k").di,ar for Construction of ITMM
Operators

H Operator | Emergent Cell Multiplier | Incident Cell Multiplier H

Jg Jp,di it §' K Cit j' k! kg df,ijk
Jy Jp,di it ' K Cil K Ky d1—df.i,j.k
Ky Ky a1—diiv i k' Kg.df.i,jk
Ky Ky d1—di,i 5 k' Ky d1—df,ij.k

From equations 3.6 and 3.7, it can be seen how each single cell operator shown in Table 4.1
has a different value based on the direction it is required to represent, hence the necessity of
nine distinct elements of F' representing particle transport from the faces of the emergent cell

to the to the faces of the incident cell in a three dimensional system.

The calculation of each element of F' may appear to be computationally expensive due to
the sheer number of paths that a particle can travel from an emergent face to an incident
face, especially as the number of intervening cells grows. The FMM algorithm, however, avoids
repeat calculations in the elements of F' (just as it avoids repeat calculations for matrix operator
elements by using F') by recognizing that each path is simply an extension of a previously
traversed path whose F' elements have already been computed. A path to a face of an adjacent
cell from a face of a cell for which the element of F has already been calculated only needs
the respective elements of F' to be multiplied by the appropriate value of k, for each adjacent
cell. In this manner, single cell operators, or, more specifically, single cell values of k;, are
compounded along a path to create an element of F.

Each ITMM operator can then be constructed from elements of F' as follows.

The matrix operator Jg, of dimensions (I x J x K) x (I x J x K)

J$1,1,1C1,1,1 e I KL K Fn 1,050 Fe 1,1
Jp = : : (4.4)

Jwaiciin gk nke g Jo.1,J,KCI,JK
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where

o, 57 k) Cit 5 b Ergi) 15 k) R, (i) = T, (6,57 k) it b En i) (157 ) o, R G, ) T

T, (it 37 k) Cit 37 b F i k) (57 ) ey Ry, i) T Tupae, (37 ) Cit 7 b Fi k) 7 ) 2 R 2, )

Tups(it 37 Y Cit ' b Eni ) (57 ) R, i,y T, 00,7 k) € 7 b Fngie) (00,37 1) B, i)

Ty, (57 k) Cir 3k i) (85 ) 0,2 R, (i) T Tapz (7,37 ) € 5 b E ) 7 ) 2,2 Ko o)
Tupz (0,37 k) €5k En i ) 57 ) 29 R, (i) T T,z (00,50 ) € En g o) (0737 ), 2,2 R 2, i k)

(4.5)

It is important to note that diagonal elements of Jg do not use an element of F' in their
construction. This is because the diagonal elements represent the effect of the cell averaged
distributed source in a cell on the cell averaged scalar flux in the same cell. Since there is no
transport to account for between cells, no element of F' is used and the single cell operator jg

is used instead of j,; on the diagonal elements.

The matrix operator Jy, of dimensions (D) x 2(IJ + JK + IK) x (I x J x K)

Jeminiciin iy ki 0 Jyand, gk CnLIEFu 0,05 ke
Jom 110111 Fa g k)0 kyn gk Gy L KCLIK Fo(n,0,6)(1,0,5) Fy.n,1,0, K
Ty = . .
Je.Niac PNy nke Ny o Gy N LLKCLIL K EN (L (1,05 Ry N
Ly N Fna ) )ke N K Gy NI Ker g PN (T1,0,K) R N ILIK
(4.6)

where, if considering the exiting x-face of the final cell and analogously for the exiting y-face

and z-face of the final cell,

Jup, (i3 k) € 7k Eni g k) @37 Y R gy = Tup (i k) it 7k i,k (3757 ) oo Ko o, i) F
Tupsa (it 57 k) € 'k En i) (07,57 ) oy R sy, 5,5 ) F T, (00,57 6) Cit 7 K E 5 ) (857 ) o, 2B, 2, (i, ,)
Ty, (@037 k) Cit 3 K 5 ) (87 ) g, o, .5 ) F T, (00,37 ) Cit 7 b F .5 ) (5 ), Ko y—, (i, )
Ty, (@037 k) Cit ' K 5 ) (17 ), 2K 2, (i, ) 00,2, (857 ) o7 e En i o) (7,57 720 R o, (i)
Ty, (00,37 ) Cit 7 b E 5 ) (05 ), 2y Ko sy, (i) T, 2,857 ) i 37 b E o) (07,57 72,2 o, 25, (i)

(4.7)

The matrix operator K¢, of dimensions transpose of Jy, (I x J x K) x 2(1J + JK + IK) x
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_ T
kyniiaFoainannkeniir 0 kypniiFaany s keniin
kyniinFur sy iykent ik kynt gk Fag 1,05 kom0 K
K¢ = . . (4.8)
kyniiiFvainannkeniig o kpNraxFnanyasg ke
Ky N ENa g ainke Ntk o ke N1a Kk ENGTLK)/1,0,K) ke NI |

where, if considering the entering x-face of the initial cell and analogously for the entering y-face

and z-face of the initial cell,

Ry, (i 57 k) Enig o) (.57 k) K, (1.5.0) = Koo (00,57 00) En(ig o) (00,57 ) o R (1,ik)
Koy asa,(i,3' k") Fri ) (00 g k) oy Kb, k) T Koo, (1,57 0) F (g k) (@57 k) 2,2 K 62,6, k) T
Ropavy, (1,57 k) F i o) (0,37 1) 0,2 K 6,13, 6) F Koy, (00,37 1) Fnige) (157 1) 0,9 Ky, (1,5i0)
Kooy (it ' k) Eningo) (0,5 00y 2R, (1.5.k) T R amz, (10,57 k) Fn(ig k)@ 37 1) 2,0 K, (5,5, T
Kop gz (it g7 ) Eing) (0,7 00,2y Ry (i) T Rupamsa (0,5 6 Eingio) (0,7 00,22 K2, (g k) (4:9)

The matrix operator Ky, of dimensions 2(1J + JK + IK) x (D) x 2(1J + JK + IK) x (D)

_ 4T
kypmiiiFaa iy nkeeir o0 Fyni11Fa@an @k Femin
Ky B g )00kt ax o Ken gk Fn(n,g,6)(1,0,6) Ky 1,0,k
Ky = : : (4.10)
kynaiaaEFnana ke iy o KNk Fvaan e ke, va i
Ly N EN ke Nk o ke Nk Ene g0k Re NI K

where, if considering the entering x-face of the initial cell and and the exiting x-face of the final

cell and analogously for the entering y-face and z-face of the initial cell and exiting y-face and
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z-face of the final cell,

Ry (17,5 k) Fni, i) (0,57 k) R, (i) = Bz, (10,57 0) E i) (0,57 1) v R s (1,5 )

Koy s, (i 37 k) Er(ig o) (00 7 k) ey Ry —a (i) F Rpamsa 57 k) F i ) (0,5 0,2 R 2o, (1.5,0)
Koy sy (i ' k) Eningo) (00,57 )y R (i, k) Ry (0,57 0) EFni i) (0,57 0 Ry, k) T
Rop vy, (i 37 k) Fi g o) (0,57 0 0,2 K 2, k) + Bz, (37 k) I k) @0 7 ), 2R o s (i )

K amsz (i3 6 Fning ) 57 k)2 B =, (o) T Fpamsz, (0,50 F (i) (0,57 ) 2,2 R 2o, (i, k)
(4.11)

In essence, we have consolidated the expensive, recursive calculations required to compute the
four ITMM operators into the computation of Fy,; j x)(,j #), followed by a straightforward and
computationally cheap pre-fix and post-fix operations indicated in equations 4.4, 4.6, 4.8, and
4.10.

In comparison to the FMM, the DMS, as described in the previous chapter, requires twelve
intermediate matrices in order to populate the four ITMM matrix operators. These are the
three matrices with values representing the outgoing angular flux from every cell in the x,
y, and z directions and the nine matrices representing the effect of incoming angular flux in
each direction on the outgoing angular flux in each direction. These values are then used in
the manner described in the previous chapter to create the four ITMM matrix operators. The
FMM uses only a single intermediate matrix, F', from which all the elements of the four ITMM

matrix operators are created in a relatively simple manner.

The main reason that this difference is important is the time required for memory access. As
each element of F'is created, it is promptly operated on to create the corresponding elements of
the four ITMM matrix operators, allowing for the element of F' to remain in the memory cache
for the necessary operations and then be discarded without another access. The DMS, however,
creates the necessary twelve intermediate matrices and places them into memory, requiring that

they be accessed at a later time to create the four ITMM matrix operators.

Another advantage of the FMM compared to the DMS is the nature of the mesh sweep. The
DMS uses a single mesh sweep (per angle) to calculate the the required values to populate the
aforementioned twelve matrices. In comparison, the FMM conducts a sweep from each cell of
the mesh to all other cells. While seemingly a disadvantage for the FMM due to the quantity
of sweeps required, the calculations are more simple in nature because only elements of F' are
being created in the sweep. The FMM, in this manner, is also more geometrically robust in that

only knowledge of the spatial relation to the adjacent cells is required to create the elements of
F.

29

www.manaraa.com



4.1 Example Construction of Elements of F' for a 3 x 3 Cell

Domain

In order to demonstrate how the four matrix operators are constructed from single-cell opera-
tors, consider a 3 x 3 cell domain as shown in figure 4.5. For clarity. this illustration employs
a two dimensional domain; however, implementation of the new algorithm and the numerical
tests reported in the following Chapter utilize a three-dimensional Cartesian grid and more

numerous cells than this 3 x 3 example.

(1,3) (2,3) (3,3)
1,2) (2,2) (3,2)
(1,1) (2,1) (3,1)

Figure 4.5: 3 x 3 Cell Domain with Numbered Cells

This example will demonstrate the construction of the ITMM matrix operators in the given
domain with isotropic scattering for a single ordinate, Qn, in the primary octant. Each cell has
its own matrix system of equations with the I" matrix constructed from the ordinate values and

the total cross section of the material in each cell. The system of equations for Cell (1,1) is,
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with analogous relations for the other cells,

. —1
Y1), Jey  keany  keane | [can®in t oo
qp(lvl)’nyyout = j¢7(171)7y kw:(l»l)ﬂ/%y kiﬁ’(l,l),x%y w(lvl)yn:yin (412)
V(1) n,70ut Jp e Ry any—e Ky a)a5e YA nzm

Between adjacent cells, the element of F' representing neutron streaming from one cell to the
next is unity because of the physically inspired condition imposing continuity of the angular flux
across cell interfaces. The other (nonzero) elements of F' are quantified by tracing the possible
paths through the domain. It is important to distinguish the emergent face and the incident

face because the emergent and incident multipliers will vary based on this distinction.

The following figures show a step-by-step process for calculating the elements of F' and each of
the four ITMM operators in the example 3 x 3 domain for an ordinate in the primary octant
and emerging from cell (1,1). The tables following each figure give the value of every element
of F' and the four ITMM matrix operators calculated in each step of the FMM algorithm.
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Cell (1,1)

K

@,(1,1)(1,1).x Joavan
e
T Koanany
13) | 23) | (38.3)
a2 | @2 | 62
) [ @D | Gy :l Incident/Emergent Cell

Figure 4.6: Construction Basis of All Four ITMM Operators Resulting from an Angular Flux
Incident on a Face of Cell (1,1) for an Ordinate in the Primary Octant

32

www.manharaa.com




Table 4.2: Values of Nonzero Elements of F', Jy, K¢, Jy, and Ky Resulting from an Angular
Flux Incident on a Face of Cell (1,1) for an Ordinate in the Primary Octant

” Elements of F' Calculated ”
Element Value

N/A N/A
| Elements of Jg Calculated ”

Element Value

oy | Js(0Ca)
| Elements of K¢ Calculated |

Element Value

Koanane | Fean)e
Ko anany | Feany
| Elements of Jy, Calculated |

Element Value
N/A N/A
” Elements of Ky, Calculated ”
Element Value
N/A N/A
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(1.3)

(1.1

(23)

(33)

(32

1)

(3.1)

K

D,(1,2)(1,1),x
— e

JfD(l,Z)(l,l).Y.y

K@,(I,Z)(l,l),x,y T K(I),(l,Z)(l,l),y,y

F
T w21,y

I:I Emergent Cell

- Incident Cell

Cell (1,2)

Figure 4.7: Construction Basis of All Four ITMM Operators Resulting from an Angular Flux
Incident on a Face of Cell (1,2) and Emergent from a Face of Cell (1,1) for an Ordinate in the
Primary Octant
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Table 4.3: Values of Nonzero Elements of F', Jy, K¢, Jy, and Ky Resulting from an Angular
Flux Incident on a Face of Cell (1,2) and Emergent from a Face of Cell (1,1) for an Ordinate

in the Primary Octant

Elements of F' Calculated

Element

Value

Fuoanuy

1

Elements of Jg Calculated

Element Value
Jo,0.20 0w | Jv.0.0C00 0200 w0Fs,0.2).
” Elements of K¢ Calculated ”
Element Value
Ko 02000 | Fy,0naFu200 980,02
Ko0200 00 | Fo.00u-0F 0200 0586,0.2).
Ky 12012 ky.(12).x
” Elements of Jy, Calculated ”
Element Value
N/A N/A
” Elements of Ky, Calculated ”
Element Value
N/A N/A
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Cell (1,3)

v, (1,3)(1,1)yy
K T
v,(1,3)(1,1),x,y w,(1,3)(1,1)yy

D,(1,3)(1,3),x
— e

J®(1,3)(1.1),Y,Y

K@,(1,3)(1,1),y,y T K(I),(l,3)(1,1),x,y

23) | 33
. I 1:“(1,3)(1,1),3'.3'

1,2) 2,2 3,2
@2 @2 | G2 I:I Emergent Cell
@y | @y [ Gy - Incident Cell

Figure 4.8: Construction Basis of All Four ITMM Operators Resulting from an Angular Flux
Incident on a Face of Cell (1,3) and Emergent from a Face of Cell (1,1) for an Ordinate in the
Primary Octant
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Table 4.4: Values of Nonzero Elements of F', Jy, K¢, Jy, and Ky Resulting from an Angular
Flux Incident on a Face of Cell (1,3) and Emergent from a Face of Cell (1,1) for an Ordinate
in the Primary Octant

Elements of F' Calculated

Element

Value

Fusanuy

kw,(lﬂ),y—w

Elements of Jg Calculated

Element Value
Jo.03)0 0wy | Ju 1)) F(1,8)(1,1).wF8,0.3)
” Elements of K¢ Calculated ”
Element Value
Ko 30,02y | Ko,0,0),0-yF01,3)0,0),5956,0,3)9
Ko.13) 0wy | Fo,,0) =5 13)0,0).0956,(1.3)
Ky 13)1,3)2 kg (1,3),2
” Elements of Jy, Calculated “
Element Value
Jy,0,3) (0w | Je,(1,0,5C00F03) 1,0 ,0wFe,(1,3) y—y
” Elements of Ky, Calculated ”
Element Value
Ky,3)00),y | Fu,,0,0-5F01,3)0,0) ke, 1,3) -y

K¢7(1,3)(1,1),y,y

kw,(Ll),y—wF(l,?))(1,1),y,yk¢,(1,3),y—>y
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F

(2,1)(1,1),xx
—_—

D,(2,1)(1,1),x,x

L
J(D(Z,l)(l,l),x,x

D,(2,1)(1,1),yx

T K<I>,(2,1)(2,1),y

13) | 23) | B3

(12) | 22 | B2)

I:I Emergent Cell

@y . (CE) - Incident Cell

Cell (2,1)

Figure 4.9: Construction Basis of All Four ITMM Operators Resulting from an Angular Flux
Incident on a Face of Cell (2,1) and Emergent from a Face of Cell (1,1) for an Ordinate in the
Primary Octant
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Table 4.5: Values of Nonzero Elements of F', Jg, K¢, Jy, and Ky Resulting from an Angular
Flux Incident on a Face of Cell (2,1) and Emergent from a Face of Cell (1,1) for an Ordinate

in the Primary Octant

Elements of F' Calculated

Element

Value

Fona)ze

1

Elements of Jg Calculated

Element Value
.20, | Jp,1,0)2C00F 2D 11)22k0,21) 0
” Elements of K¢ Calculated ”
Element Value
Ky enanez | FpaneseF2)a1).e:k,21)
Ky enawe | Fypany—sefonanadks e
Kseneny ko21)y
” Elements of Jy, Calculated ”
Element Value
N/A N/A
” Elements of Ky, Calculated ”
Element Value
N/A N/A
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Cell (3,1)

v, (3,1)(1,1),x,x

F K®,(3,1)(1,1),x,x
(3,1)(1,1),x,x LD

—»}—
J‘D(S,l)(l,l),x,x >

2.6 D1 yx ‘]w,(3,1)(1,1),x,x

T K<I>,(2,1)(2,1),y

@3) | @3) | B3)

(12) | 22 | B2)

I:I Emergent Cell

@ (2,1). - Incident Cell

Figure 4.10: Construction Basis of All Four ITMM Operators Resulting from an Angular Flux
Incident on a Face of Cell (3,1) and Emergent from a Face of Cell (1,1) for an Ordinate in the
Primary Octant
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Table 4.6: Values of Nonzero Elements of F', Jy, K¢, Jy, and Ky Resulting from an Angular
Flux Incident on a Face of Cell (3,1) and Emergent from a Face of Cell (1,1) for an Ordinate
in the Primary Octant

Elements of F' Calculated

Element

Value

Fana)ze

ky,21) 550

Elements of Jg Calculated

Element

Value

J6,(3,1)(1,1) 0,2

Ju,(1,1),2C1,0) F3,1)(1,1),0,0F,3,1) 2

Elements of K¢ Calculated

Element

Value

Ky 31)(1,1) 0,0

ky (1,1),0—2F(3,0)(1,1),2,2K6,3,1) 2

Ko 3,1)01,1) 9,

Ky, (1,1),y—2F(3,1)1,1),2,0F0,3,1).2

Ko, 3,131y

k¢,(3,1)’y

Elements of Jy, Calculated

Element

Value

Ty, (3,1)(1,1),2,2

Ju,(1,1),2¢1,10) F3,1)(1,1),2,0F0,(3,1), 02

Elements of Ky, Calculated

Element Value
Ky an0),ze | Fo,0),0-2F61)0,0),0,050,3,1) 0
Kyenange | Fe,00y-:F600,0,208,6,1) 050

41

www.manharaa.com



Cell (2,2)

F Ko,(z,z)(l,l),x,x
(2,2)(1,1),yx

— >
J D(2,2)(1,1),y,x

D,(2,2)(1,1),yx

J@(Z,Z)(l,l),x,y

K@,(Z,Z)(l,l),y,y T K(I),(Z,Z)(l,l),x,y

F(Z,Z)(l,l),x,y
13) ]| 23 | B83)
2) 32)
. I:I Emergent Cell
@y | @y [ ey - Incident Cell

Figure 4.11: Construction Basis of All Four ITMM Operators Resulting from an Angular Flux
Incident on a Face of Cell (2,2) and Emergent from a Face of Cell (1,1) for an Ordinate in the
Primary Octant
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Table 4.7: Values of Nonzero Elements of F', Jg, K¢, Jy, and Ky Resulting from an Angular
Flux Incident on a Face of Cell (2,2) and Emergent from a Face of Cell (1,1) for an Ordinate

in the Primary Octant

Elements of F' Calculated

Element Value
Fl22)1,1),2,y ky,(2,1),0-y
Fl22)1,1) .2 ky,(1,2)y—z

Elements of Jg Calculated

Element Value
Jo 220,02y | Ju,,1),2c00F22)1,0).05F0,2,2)y
Jo220, 00 | Ju,,05c00F220,0) 508,22 0

Elements of K¢ Calculated

Element

Value

Ko, 220,12,y

ky,(1,1),0—2F(2,2)(1,1),2,0F,2,2) 5

Ko, 220,10,

ky,(,0)y—aF 2,200 ,2556,22) 0

Ko 22)1,1) 20

ky,,0),e-yF 2,20, 5,086,220

Ko 22)0,1) 0

ky,(,0),9=5F 2,200 0,.056,2,2)0

Elements of Jy, Calculated

Element Value
N/A N/A

” Elements of Ky, Calculated ”
Element Value
N/A N/A
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Cell (2,3)

K
v 2,3)(1,1),5y T J w,(2.3)(1,1),5y

v,(2,3)(1,1),xy w,(2,3)(1,1),xy

D,(2,3)(1,1),y.x
F K

(2,3)(1,1),y,x D,(2,3)(1,1),x,x
— >

‘]<D(2,3)(1,1).MX

®,(2,3)(1,1),y.y ®(2,3)(1,1)yy

@9 . @3 F<2,3)(1,1>,y,y T F(z.s)(l,l),x.y

1,2) 2,2 3,2
@2 @2 |62 I:I Emergent Cell
@y | @y [ Gy - Incident Cell

,(2,3)(1,1),xy T } ®(2,3)(1,1),xy

Figure 4.12: Construction Basis of All Four ITMM Operators Resulting from an Angular Flux
Incident on a Face of Cell (2,3) and Emergent from a Face of Cell (1,1) for an Ordinate in the
Primary Octant
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Table 4.8: Values of Nonzero Elements of F', Jy, K¢, Jy, and Ky Resulting from an Angular
Flux Incident on a Face of Cell (2,3) and Emergent from a Face of Cell (1,1) for an Ordinate
in the Primary Octant

Elements of F' Calculated

Element Value
Flosa,n,zy Fo.2)(1,1),2,950,2,2) y—y
Floga,nye Fa,3)1,1) ,0Fe,01,3),y—0

Flo3)(1,1)my

Fl2.2)(1,1),y,25¢,(2,2),2—y

Elements of Jg Calculated

Element

Value

Jo,(2,3)1,1),2,9

Ju,(1,1),2¢0,0) F2,3)(1,1),0,5F0,2,3)

J5,23)1,1),y,

Ju,(1,0),C0 0 F(2,3) (1) 9,2F6,(2,3) 2

Jo,(23)(1,1)y.y J,1,1).w 0 F2,3)(11) 0 Fs,2.8)y
” Elements of K¢ Calculated ”
Element Value
K230, by, 002t 23) 0,0 09k, 25).y
K¢v(2)3)(171)7yay k’l,[),(l,l),y—)zF(2,3)(1,1),z,yk¢,(2,3),y
Ky (2,3)(1,1),0, Ky 1,1),2—yF(2.3)1,1)0.0F6,2,3).0
Ks,230,1).5.0 k1,0 gy F 2310 9,0K6,2.3) 2
” Elements of Jy, Calculated ”
Element Value

Jy,23)1,1),2,y

Ju, (10,200 Fe3)1,0) .00k, 2,3) 5y

J,2,3)(1,1) 9.

T, (1,150, 0) Fl2,3)(1,1) wwFu,2,3) -y + J6,0,0),5€0,0 F23)1,1) 2P, 2,3),5—y

Elements of Ky, Calculated

Element

Value

Ky, 23)(1,1),,

Ky, (1,1),22F(2,3)(1,0),0,9Fp,2,3), 9=y T Fo,(1,1) 229 F(2,3)1,1),5.0F0,2,3) y—y T

ky,(1,0),0-5F(2,3)(1,1),5,0F0,2,3) 0y

Ky, 23) (1,099

kd),(l,l),y—)yF(2,3)(1,1),y,yk1/),(2,3),y—>y + k¢7(]_’]_)’y_)xF(Q,g)(171)7x7yk¢’(2,3)7y_>y+

ky 059 F 23,0 w0k 2,3) 50y
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Cell (3,2)

K
52D v,(3,2)(1,1),yx

F(3,2)(1,1),yx ©,(3,2)(1,1),%% W,(3,2)(1,1),x,x
ol E—
3,2)(1,1),xx J<l>(3,2)(1,1),y,x JW,(3,2)(1.1),}’.X

®(3,2)(1,1),xx w,(3,2)(1,1),x,x

D,(3,2)(1,1),xy

D,(3,2)(L1),yy J®(3,2)(1.1),x,y

@3 | @3 | 63 I ooy
a2 | @2
. I:I Emergent Cell

@y [ ey | ey - Incident Cell

Figure 4.13: Construction Basis of All Four ITMM Operators Resulting from an Angular Flux
Incident on a Face of Cell (3,2) and Emergent from a Face of Cell (1,1) for an Ordinate in the
Primary Octant
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Table 4.9: Values of Nonzero Elements of F', Jy, K¢, Jy, and Ky Resulting from an Angular
Flux Incident on a Face of Cell (3,2) and Emergent from a Face of Cell (1,1) for an Ordinate
in the Primary Octant

Elements of F' Calculated

Element

Value

Fiz2)1,1) .2

Fl2.2)(1,1)y,25¢,2.2),2—a

Fla2)0,1),2

Fia,0)1,1),2,2050,3,1) 0y

Fz2)1,1),e. Fl2.2)(1,1),2,0k,(2,2),y—=
” Elements of Jg Calculated ”
Element Value
Jo,(32)(1,1) 9. Jp,1,0) 50,0 F3,2)(1,1) 50F,3,2),2
Jo,(32)(1,1) ey T, (1,1),2¢(1,1) F13,2)(1,1),2,976,(3,2).y
Jo,32)11) 02 Ju,(1,1),2¢(1,1) F13,2)(1,1),2,2K0,3,2)9
” Elements of K¢ Calculated ”
Element Value
Ko,32)00 00 ky,(,0),-yF 3,200 y2Fe,3,.2),
K¢,(3,2)(1,1),x,1‘ k’g[),(l,l),z—)yF(3,2)(1,1),y7zk¢,(3,2),z
K¢,(32)(1,1) 0.y Ky, (1,0)y=2F3,2) (1,0 ,2,9F6,3.2).

Ko, 320,12,y

Ky, (1,1),0-2F3.2)(1,1),0,0F,(3.2).y

Elements of Jy, Calculated

Element

Value

J,(3,2)(1,1) 9,

Ju,(1,1),5¢1,1) F(3.2)1,1) 9,0 F0,(3,2) 0

Jw,(3,2)(1,1),m,m jw,(l,l),wc(l,l)F(3,2)(1,1),x,ka,(3,2),x%m + jw,(l,l),mc(l,l)F(3,2)(1,1),m,ykw,(3,2),y%x
” Elements of Ky, Calculated ”
Element Value
Ky,32010we | K109 F63200).00k,62) 050 T Ky, 1,0)5-2L32)100.0k0,3,2) 0t

ky,,0),9-2F(3,2)(,1),2,050,3,2) 9

Ky,32) (1,100

Ky, (1,1),2—eF(3.2)1,1),2,0F0,3.2) 02 T Fp,(1,1),0-9F(3.2)(1,1) y,20k,(3,2) .0zt

Ky, (1,1),0-2F3.2)(1,1),0,0F0,(3,2) y—a
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(1.3)

(1.2)

(22

w,(3,3)(1,1).xy

K
v,(3,3)(1,1),y.y J\y,(3,3)(1,1),y,y
Kw.(3,3)(1,1),x,y

(3,3)(1,1),yx
—P

F(3,3)(1,1),x,x

62 I:I Emergent Cell

(1.1

1)

K®,(3,3)(1,1),x,x

D,(3,3)(1,1),yx

D(3,3)(1,1),x,x

®(3,3)(1,1),y.x

2.6AADxY 4 JoG 301y
d>,(3,3)(1,1>.y.yT *G3A 5y

Cell (3,3)

Kw,(3,3)(1,1),y,x

,(3,3)(1,1),x,x
F—— >

JWV(3,3)(1.1),}"X

w,(3,3)(1,1),x,x

F(3,3)(1,1),y,y T F(3,3)(1,1),X,y

[CEN) - Incident Cell

Figure 4.14: Construction Basis of All Four ITMM Operators Resulting from an Angular Flux
Incident on a Face of Cell (3,3) and Emergent from a Face of Cell (1,1) for an Ordinate in the

Primary Octant
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Table 4.10: Values of Nonzero Elements of F', Jg, K¢, Jy, and Ky Resulting from an Angular
Flux Incident on a Face of Cell (3,3) and Emergent from a Face of Cell (1,1) for an Ordinate
in the Primary Octant

Elements of F' Calculated

Element

Value

Fa3)0,0)0e

Flo.3)(1,1),y,080,2,3) 050 T F(2,3)01,1) 2,9Fp,2,3) y—e

F(373)(171):$yy

F(372) (171)755773 k¢7(3v2)7$_>y + F(3,2)(1,1),x,ykw,(3,2) Yy

Faa) 00 Fa2)00)p0k,3.2).0-y
Fi33)(1,1) 2,0 Fla3)(1,1),0.9k0,2.3) -2
Elements of Jg Calculated
Element Value

J¢v(373)(171)7y7$

T, (1,1, F(3,3)(1,1),5,0K6,3,3),0

Jo,3,3)(1,1),2,y

J,(3,3) 1,1y

Ju,(1,1),5¢0, 1) F(3,3)(1,1) w9 F6,3,3)y

) (
Jp,(1,1),2¢01,) F(3,3)(1,1),0,5K0,3,3)

) (

(

J,(3,3)(1,1),a,0 Ju,(1,1),2C1,10) F(3,3)(1,1),0,0K6,(3,3) 2
Elements of K¢ Calculated
Element Value

Ko, 330,12

ko, (1,1),5-yF(3.3)(1,1) 0,256,330 T Ku,(1,1),9—2F(3,3)(1,1),2,056,(3,3)

Ko,3,3)01,1)

Ky, ,0),5-9F3,3) 0,0 ,5F,3,3).0 T Fu,(1,0),9—2F(3,3)1,1) ,2,956,3,3) 5

Ky 33)(1,1),0,0

ko, (1,1),0—yF(3,3)(1,1),,0F6,(3,3),0 T Ky, (1,1),0—2F(3,3)(1,1),0,0K6,(3,3) 2

Ko (33)(1,1).2y

ky,(1,0),0-yF(3,3)1,0.09F6,3,3).0 T Fo,0.0),052F(3,3)(1,0),00F6,3,3).0

Elements of Jy, Calculated

Element

Value

J,(3,3)(1,1) 9,

J,(1,1),w €00 F(3,3)(1,0) 9,2 P, (3,3) -2 + Ju,0,0),5C0,0 F3,3) 0,1 w.F0,(3,3) y—a

Jy,(33)(1,1) 9.

Jp,(1,1),w €10 F(3,3)(1,1) 50, 3,8),9— T Ju,(1,0),0C0,0) F(3,3)(1,0),9,5F0,(3,3),0-y

Jp,3,3)(1,1),2,2

Jy,33) 0,12,y

)

)
I, (1,1),2C(1,1) F(3.3)(1,1),2,2F9,(3,3).e =z + Ju,(1,1),261,1) F(3.3)(1,1),2,5F0.,(3,3) y—a
T, (1,1),2C(1,1) F(3.3)(1,1),2,0F0,(3,3) y—y T Ju,(1,1),2C1 0 F(3,3)(1,1),2.0Fp,(3.3),0—y

Elements of Ky, Calculated

Element

Value

Koy, 33)(1,1),9,

Ky, (1,1), 5=y F(3.3)1,0) 9,2 F0,3,3) 0 T By, 1,19y F(3,3) (1,1 00 F,3,3) 9T
Ky, (1,0)y—2F(3.3)1,1),2,2k0,3,3) 0z T Fp,1,1) y—2F(3.3)(1,1),2,0F0,(3,3) y—a

Ky,33)(1,0),9.9

Ky, (1,0),5—5F(3,3)(1,1),5,0Fw,3,3),0y + Fu,(1,10),5-5F(3,3)(1,1),0.9F0,3,3) 9>y T
Ky, (1,1),y—2F3,3)(1,1),0,0F,3,3),0—y T K, (1,1),y—2F(3,3)(1,1),2,F,(3,3) ,y—y

Ky 33)1,1),2,

Ky, (1,1),2-y F(3,3) (1,1 ,0,2F6,3,3),0—2 T Fp,(1,1),0-51(3,3)(1,1) 9,950, (3,3) y—a T
Ky, (1,1),0-2F(3,3)(1,1),0,050,3.3) 0= T Kp,(1,1),0-2F(3,3)1,1),2.9F0,3,3),y—a

Ky,33)(1,1),2.y

Ky, (,1),29 (3,3 (1,1),9,2F6,3,3), 02y T Fu,(1,1),259F13,3)0,1),5,9F0,(3,3) y—y T

ky (1) 222 F1(3,3)(1,0),0,0%0,3,3) 2=y + Fo,(1,1),050F(3,3)(1,1) 2,9 F0,(3,3) y—y
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The previous figures and tables have demonstrated the two-dimensional form of the FMM
algorithm in a step-by-step process. In these tables and figures, it can be seen how elements of F'
are used in the calculation of other elements of F' in addition to the calculation of each element
of the ITMM operators. In this manner, F' allows for the avoidance of repeat calculations in

both the ITMM operators and its own elements.
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Chapter 5

Performance Model and Timing
Results

5.1 Performance Model

It is useful to be able to predict run times as a function of problem parameters, e.g. number of
cells in the domain, for scaling purposes. As such, a performance model has been developed to
serve this purpose. The performance of the construction algorithm in terms of computational
time is dependent upon three variables: The number of cells in the sub-domain, N = x J x K,
the order of anisotropy, L, and the number of angles, D. The performance model was deter-
mined based on analysis of the operator construction subroutines, particularly the number of

calculations required to build F' and each ITMM matrix operator.

The terms of the performance model identified in the analysis of the algorithm are asymptotic
in nature and based on the assumption of a cubic mesh (i.e. I = J = K). For example, for the
total number of cells, N, the number of cells in a single row or column is NV 1/3 and the number

of cells in a single plane is N2/3.

First, consider the construction of the fundamental matrix F. As previously demonstrated, all
the ITMM operators are constructed through multiplications to elements of F'. The perfor-
mance model of the construction of F' involves three terms: The construction of elements of F'
along a row or a column intersecting the emergent cell (3a1 DN 4/ 3), along planes intersecting
the emergent cell (3aaD(N°/3 — N*/3)), and through the entire sub-domain from the emergent
cell (a3D(N? — 3N°/3 — 3N*/3)), where a; (i = 1,2,3,...) are measures of the time consumed

in completing a single instance of the corresponding instructions listed above.

As an example of the creation of the performance model terms, the creation of each of the terms

for the performance model of the construction of F will now be described in detail. The first
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term is calculated as the number of possible emergent cells, N, multiplied by the number of
possible incident cells in all rows or columns intersecting the emergent cell, 3N 1/3 multiplied
by the number of angles, D. The second term is similarly calculated as the number of possible
emergent cells, N, multiplied by the number of possible incident cells in all planes intersecting
the emergent cell, 3N?/3, multiplied by the number of angles D. The second term also includes
the subtraction of the first term, since those elements of F' have already been calculated. The
third term is calculated as the number of possible emergent cells, IV, multiplied by the number of
possible incident cells in the entire sub-domain, N, multiplied by the number of angles, D. The
third term also subtracts 3DN5/3 and 3DN*/3 because those elements of F have already been
calculated. These terms are added together to create the performance model for constructing

the fundamental matrix,
tr = 3a; DN*? 4 3a,D(N®/® — N*/3) 4 a3 D(N? — 3N°/3 — 3N*/3) (5.1)

The number of calculations for each of the ITMM matrix operators is a function of the number
of cells involved in the operator construction, the number of angles, and the number of angular
moments. The number of angular moments, represented here as H, is calculated by H = (L+1)2.
While the number of calculations for each operator requires a multiplication by D to account
for the number of angles, the use of H differs between the operators. Ky, is the only operator
completely independent of the flux angular moments and, using Table 3.1 as a reference for the

number of cells involved in the calculation, the performance model for Ky, is
tk, = atDN'? . (5.2)

Jy and K¢ both involve the flux angular moments on one end of the calculation. As such, the

number of calculations required for these operators is multiplied by H, resulting in
tr,+kys = asDNSH . (5.3)

Jy requires consideration of the flux angular moments in both the emergent cell and the incident
cell. Therefore, the number of calculations is repeated H? times. In our implementation of the
algorithm, several calculations are conducted in a single loop over all angular moments to
improve computational efficiency. Hence the need for another term multiplied by only H but
the same number of cells, N2. These terms comprise the performance model for the calculation
of Jg,

ty, = asDN*H + a;DN*H* . (5.4)
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The total construction time for the operators is then
tiotal = tF + 1K, +tr, 1Ky +tay - (5.5)

Substituting the previously defined terms results in

tiotal = 301 DN*/® 4+ 3a, D(N®/3 — N*/3) + a3 D(N? — 3N5/3 — 3N*/3)
+ ayDN*? 4+ asDN®/®*H + agDN*H + azDN?H?. (5.6)

In order to determine the values of the constants in equation 5.6, timed runs of the code

with varying number of cells, number of angles, and order of anisotropy were conducted.

5.2 Timing Results

The following tables (5.1 for L=0, 5.2 for L=1, 5.3 for L=3) show the measured execution
times of these trials. Each time shown is the average measured execution time across ten runs
of the code. “FMM?” designates the Fundamental Matrix Method of constructing the matrix
operators, outlined in this work, and “DMS” designates the Differential Mesh Sweep method
developed by Zerr [4]. As can be seen in each of these tables, the Fundamental Matrix Method
significantly outperforms the Differential Mesh Sweep in all cases. For all timing results shown

here, a 4-core, 3.7 GHz processor was used.

Table 5.1: Matrix Operator Construction Time (s) for L=0 (isotropic)

Method | N Sy Ss S12 S16
FMM 64 .0088 | .0148 | .0268 | .0384
DMS 64 .0156 | .0356 | .0624 | .1016
FMM 216 || .0416 | .0876 | .1688 | .2768
DMS 216 || .0596 | .1844 | .3820 | .6572
FMM 512 || .1952 | .4764 | .9408 | 1.780
DMS 512 || .2468 | .8149 | 1.711 | 2.925
FMM | 1000 || .6588 | 1.507 | 3.961 | 6.722
DMS 1000 || .8213 | 2.735 | 5.651 | 9.849
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Table 5.2: Matrix Operator Construction Time (s) for L=1

Method | N Sy Ss S12 S16
FMM 64 .0140 | .0260 | .0528 | .0868
DMS 64 .0212 | .0576 | .1116 | .1920
FMM 216 | .0736 | .1892 | .4040 | .7388
DMS 216 || .1296 | .4076 | .8493 | 1.467
FMM 512 4048 | 1.192 | 2.871 | 5.118
DMS 512 || .6880 | 2.273 | 4.836 | 8.263
FMM 1000 || 1.245 | 4.085 | 9.172 | 16.22
DMS 1000 || 2.242 | 7.455 | 15.60 | 27.04

Table 5.3: Matrix Operator Construction Time (s) for L=3

Method N Sy Ss S19 S16
FMM 64 .0396 | .1148 | .2528 | .4668
DMS 64 .1036 | .3704 | .6608 | 1.110
FMM 216 || .3136 | 1.045 | 2.193 | 4.332
DMS 216 || .5936 | 1.965 | 4.078 | 6.970
FMM 512 1.944 | 6.961 | 13.62 | 28.63
DMS 512 || 9.815 | 30.65 | 66.90 | 113.7
FMM | 1000 || 7.394 | 25.01 | 45.05 | 79.77
DMS 1000 || 12.16 | 40.46 | 85.16 | 147.8

In order to determine the values of the model constants of equation 5.6, a Mathematica

fitting function was applied to the timing data for the Fundamental Matrix Method in Tables

5.1 - 5.3. This function uses a least squares algorithm to determine the minimal residual among

all the data points by converging on an optimal value of the constants. This procedure results

in the values shown in Table 5.4 for the constants, applied to equation 5.6. These constant

values are specific to the timing results obtained by the aforementioned processor, and will be

different on another system with different capabilities, although the model, i.e. the functional

dependence on D, N, and H, will remain the same as it characterizes the algorithm itself [19].
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Table 5.4: Least Squares Fit Constant Values for Equation 5.6

” Constant | Value (sec) ”

ai 3.259 x 10710
as 6.361 x 107°
as 2.693 x 1078
ay 7.411 x 10710
as 2.751 x 1077
ag 5.024 x 1077
ar 6.813 x 10710

This is now the complete performance model of the FMM algorithm. Figures 5.1 through 5.3
show the performance model and the measured execution times for L = 0, 1, and 3, respectively,

plotted against the number of cells in the domain, N.

time( s)

5.000

1.000
0.500

“wpp

0.100
0.050

0.010
0.005

! ! ! ! ! ! ! !
N
100 150 200 300 500 700 1000 1500

Figure 5.1: Performance Model (lines) and Measured Matrix Operator Construction Times
(triangles) for L=0 (isotropic scattering)
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Figure 5.2: Performance Model (lines) and Measured Matrix Operator Construction Times
(triangles) for L=1
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Figure 5.3: Performance Model (lines) and Measured Matrix Operator Construction Times
(triangles) for L=3

Discrepancies in the fit of the performance model to the data points can be attributed to

several causes. First among these is the fact that we used the entire data set for the determina-
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tion of the constants. Any data point that could be considered somewhat aberrant can damage
the overall fit and compound errors in conforming to individual data sets. Second would be
the effect on execution time from the frequency of memory cache hits and misses. Each miss
can increase the overall time while each hit can reduce it. Given the sheer number of memory
accesses required for the FMM algorithm, any such problem could cause significant variation in
the data points. The last source of fitting error would be background processes executing on the
system during the timing measurement runs. While each data point is an average of ten code
executions, the averaging does not account for background processes which may slow the per-
formance of the algorithm. Considering these sources of error, the performance model trends, if
not exactly predicts, the execution time of the FMM algorithm. The major error visible in the
plots above is that the model consistently under-predicts the execution time for small N but
becomes highly accurate as IV increases. This result is both understandable and expected due
to the asymptotic nature of the performance model, meaning the power dependencies on N are
only valid in the sense N — oco. In scenarios with a small value of N, the asymptotic nature
can cause a large discrepancy between the model and the measured execution time. This effect

decreases and the model accurately predicts execution times in the asymptotic regime of large
N.

5.3 Memory Requirements

The ITMM is a memory-limited method as the size of the necessary matrix operators grows
significantly with increased size, number of angles, and anisotropic scattering order. Tables 5.5
through 5.8 demonstrate the reasoning for limiting the timing results in the previous section to
the selected values of D, N, and H.
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Table 5.5: Matrix Operator Memory Requirements for L=0

H Operator ‘ N H Sy ‘ Ss ‘ S12 ‘ S16 H
Jy 64 33 KB | 33 KB 33 KB | 33 KB
Jy /Ky 64 37 KB | 120 KB | 260 KB | 440 KB
Ky 64 14KB | 46 KB | 97 KB | 170 KB
Jy 216 || 370 KB | 370 KB | 370 KB | 370 KB

Jy/Kg | 216 || 120 KB | 410 KB | 870 KB | 1.4 MB
Ky 216 47 KB | 160 KB | 330 KB | 560 KB
Jy 512 || 21 MB | 2.1 MB | 2.1 MB | 2.1 MB

Jy/Kg | 512 || 290 KB | 980 KB | 2.1 MB | 3.6 MB
Ky 512 || 110 KB | 370 KB | 770 KB | 1.3 MB
Jy 1000 || 8.0 MB | 8.0 MB | 8.0 MB | 8.0 MB

Jy/Kg | 1000 || 580 KB | 1.9 MB | 4.0 MB | 6.9 MB
Ky 1000 || 220 KB | 720 KB | 1.5 MB | 2.6 MB

Table 5.6: Matrix Operator Memory Requirements for L=1

| operator | N || s | S5 | S | S |
To 64 | 520 KB | 520 KB | 520 KB | 520 KB
Jy/Ky | 64 | 147TKB | 491 KB | 1.0 MB | 1.8 MB
K, | 64 | 14KB | 46KB | 97KB | 170 KB
Js | 216 | 6.0MB | 6.0 MB | 6.0 MB | 6.0 MB

Jy/Ky | 216 || 4998 KB | 1.7 MB | 3.5 MB | 6.0 MB
Ky 216 | 47 KB | 160 KB | 330 KB | 560 KB
Jg 512 | 34 MB | 34 MB | 34 MB | 34 MB

Jy/Ky | 512 || 1.2 MB | 3.9 MB | 8.3 MB | 14 MB
Ky 512 | 110 KB | 370 KB | 770 KB | 1.3 MB
Jg | 1000 | 130 MB | 130 MB | 130 MB | 130 MB

Jy/Ke | 1000 | 2.3 MB | 7.7 MB | 16 MB | 28 MB
Ky, | 1000 | 220 KB | 720 KB | 1.5 MB | 2.6 MB
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Table 5.7: Matrix Operator Memory Requirements for L=3

| Operator | N || S5 | S5 | S | S |
Jy 64 84 MB | 84 MB | 8.4 MB | 84 MB
Jy/Kg | 64 || 590 KB | 20 MB | 4.1 MB | 7.1 MB
Ky 64 | 14KB | 46 KB | 97 KB | 170 KB
J, | 216 || 96 MB | 96 MB | 96 MB | 96 MB

Jy/Kg | 216 | 20 MB | 6.6 MB | 14 MB | 24 MB
K, | 216 | 47KB | 160 KB | 330 KB | 560 KB
Jg 512 | 540 MB | 540 MB | 540 MB | 540 MB

Jy/Kgy | 512 | 47MB | 16 MB | 33 MB | 57 MB
Ky | 512 | 110KB | 370 KB | 770 KB | 1.3 MB
Js | 1000 | 20GB | 20 GB | 20 GB | 2.0 GB

Jy/Kg | 1000 | 9.2 MB | 31 MB | 65 MB | 110 MB
Ky | 1000 | 220 KB | 720 KB | 1.5 MB | 2.6 MB

Table 5.8: Matrix Operator Memory Requirements for L=>5

| operator | N || s | S5 | S | S |
Ty 64 | 42MB | 42 MB | 42 MB | 42 MB
Jy/Ks | 64 | 1.3MB | 4.4 MB | 9.3 MB | 16 MB
Ky 64 | 14KB | 46KB | 97 KB | 170 KB
J¢ 216 480 MB | 480 MB | 480 MB | 480 MB

Jy/Kg | 216 | 45MB | 15 MB | 31 MB | 54 MB
Ky 216 47 KB | 160 KB | 330 KB | 560 KB
Jy 512 || 2.7GB | 27GB | 27GB | 2.7 GB

Jy/Kg | 512 11 MB | 35 MB | 74 MB | 130 MB
Ky 512 || 110 KB | 370 KB | 770 KB | 1.3 MB
Jy 1000 || 10 GB 10 GB 10 GB 10 GB

Jy/Kg | 1000 | 21 MB | 69 MB | 150 MB | 250 MB
Ky 1000 || 220 KB | 720 KB | 1.5 MB | 2.6 MB
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Several important properties of the ITMM matrix operators can be seen in tables 5.5 - 5.8.
The most beneficial of these properties to the ITMM memory requirements is that Ky, is not
dependent on the order of anisotropic scattering, only the number of cells and number of an-
gles, and therefore does not have increased memory requirements as the anisotropic scattering
order is increased. Jg, however, is the limiting ITMM matrix operator in terms of memory
requirements. Jy is dependent upon the number of cells and the anisotropic scattering order in
the manner (N (L +1)?)2. As such, despite the fact that Jy is not dependent on the number of
angles, as the number of cells and anisotropic scattering order increases, Jg quickly dominates

the memory requirements of the ITMM and limits the possible size of ITMM sub-domains.

As a result of the properties of Jg, The timing results shown in this work are limited by the
memory requirements of the ITMM. The size of the matrix operators necessarily grows with
increased size, number of angles, and anisotropic order. This constraint is significant as mem-
ory requirements of the matrix operators quickly exceed system memory limits when any of
these variables are augmented beyond the examples shown in this work (e.g., for a 12x12x12
sub-domain, Sis quadrature, and L = 5, memory requirements exceed 30 GB). Also, previ-
ous parallel Gauss-Seidel applications of the ITMM using a Red/Black coloring scheme have
found that 4x4x4 sub-domains consume the shortest execution times for numbers of processors

exceeding a few hundred [4].
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Chapter 6

Conclusions

The ITMM has been shown to be a competitive solution algorithm to the neutron transport
equation using spatial domain decomposition on massively parallel computational platforms [4].
In the limit of very large number of processors, the speed of the algorithm, and its suitability for
unstructured meshes, i.e. other than an ordered Cartesian grid, is limited by the construction
of four matrix operators required for obtaining the solution in each sub-domain. The existing
algorithm for construction of the four ITMM matrix operators, the DMS, is computationally
expensive and was developed for a structured grid. As such, the motivation for development
of a construction algorithm for the ITMM matrix operators that is both less computationally

expensive and more geometrically robust is evident.

In this work, a new algorithm that provides for faster construction of the ITMM matrix opera-
tors has been described. This algorithm, the FMM, is based on the construction of a single, fun-
damental matrix, F', representing the transport of a particle along every possible path through-
out the sub-domain mesh. Each of the operators is constructed by multiplying an element of

this fundamental matrix by two values dependent only upon the operator being constructed.

The elements of F' are face-based, meaning that they represent the transport of a particle along
the aforementioned path from the emergent face of one cell to the incident face of another
cell. By being a face-based quantity, the elements of F' can then be used to relate one face to
another face, a face to a cell, or a cell to a cell, dependent on the single cell coupling factors
by which they are multiplied. An example of the FMM algorithm is provided in this work for
a two-dimensional, 3 x 3 sub-domain. The actual implementation and timing reported results,

however, are for three-dimensional geometry and more numerous cells.

It can be seen from the results presented here that the FMM significantly outperforms the DMS
in terms of matrix operator construction time for the ITMM. It should be noted that the time

required for the solution algorithm, which was not detailed in this work, is significantly greater
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than the operator construction time. The FMM gains significance, however, when considering
a calculation requiring multiple energy groups, time steps, or depletion steps, where repeated
evaluations of the ITMM operators must be performed. In this situation, the time savings gained
when using the FMM versus the DMS is multiplied by the number of time steps and/or the
number of groups. As such, the FMM algorithm becomes more critical to the computational

cost of the ITMM as the complexity of the target problem grows [19].

Although the FMM as shown here was developed for a structured Cartesian grid, an advantage
of the FMM is its applicability to an unstructured mesh. The geometric simplicity of the FMM
algorithm lies in that it does not require an orderly mesh sweep, but rather can be applied to
any grouping of cells as long as their spatial relation to each other is known. Although the chal-
lenge of an unstructured tetrahedral mesh is to manage the bookkeeping of how the cells (and
in the planned parallel environment, the sub-domains) fit together, this algorithm has demon-
strated its potential to overcome this challenge of spatial domain decomposition, thus paving
the way for an effective massively parallel method of solving the neutron transport equation on

an unstructured tetrahedral mesh.
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